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Abstract 

We analyse unstable D-brane systems in type I string theory. Generalizing the proposal 
in [hep-th/0108085| , we give a physical interpretation for real KK-theory and claim that 
the D-branes embedded in a product space XxY which are made from the unstable Dp- 
brane system wrapped on Y are classified by a real KK-theory group KKO p ~ 1 (X, Y). 
The field contents of the unstable D-brane systems are systematically described by a 
hidden Clifford algebra structure. 

We also investigate the matrix theory based on non-BPS D-instantons and show 
that the spectrum of D-branes in the theory is exactly what we expect in type I string 
theory, including stable non-BPS D-branes with Z2 charge. We explicitly construct 
the D-brane solutions in the framework of BSFT and analyse the physical property 
making use of the Clifford algebra. 



1 E-mail: asakawa@yukawa.kyoto-u.ac.jp 

2 E-mail: sugimoto@citusc.usc.edu 

3 E-mail: sterashi@science.uva.nl 



1 Introduction 



It has been argued that the D-brane charges are classified by K-theory |TJ, |3[]. Each 
element of K-theory is interpreted as a configuration of the gauge bundle and tachyon 
fields on a space-time filling unstable D-brane system, such as non-BPS D9-branes 
in type IIA || or D9-brane - anti D9-brane system in type IIB [0, describing a set 
of lower dimensional D-branes. This interpretation is obtained by generalizing the 
D-brane descent relations discussed in ||. 

On the other hand, it is also known that we can construct higher dimensional D- 
branes from a lower dimensional D-brane system |B|, |^, [7], ||, ^, |Kj. Therefore, it is 
natural to ask how we can classify the D-branes made by a lower dimensional unstable 



D-brane system. In the previous paper ||11|| , we argued that K-homology groups are 
the groups which classify D-branes in matrix theories based on non-BPS D-instantons 
in type IIA or D-instanton - anti D-instanton system in type IIB, which we called K- 
matrix theory. The K-homology is a dual of K-theory and it turns out that this result 
is consistent with the classification of D-brane charge using K-theory. This means 
that the K-matrix theory correctly reproduces the D-brane spectrum expected from 
K-theory. 

Furthermore, the argument is generalized to higher dimensional systems and we 
found that Kasparov's KK-theory groups are the relevant groups for the classification. 
To be more precise, suppose that the space-time manifold is a product space X x Y, 
and consider stable D-branes made by the unstable D-brane system wrapped along 
Y. Then, the D-branes are naturally classified by the KK-theory group denoted by 
KK l (X, Y). (See section |2.1| for a brief review.) This group generalizes the above 
results. Actually, when the space X or Y is a point, the KK-theory group reduces to 
K-theory or K-homology, respectively. It is also shown in jy] that the spectrum of the 
D-branes does not depend on the choice of the unstable D-brane system, using some 
isomorphisms among the KK-theory groups. 

In this paper, we generalize the argument to type I string theory and consider type 
I K-matrix theory, i.e. the matrix theory based on an infinite number of non-BPS 
D-instantons in type I string theory, as well as the other unstable D-brane systems in 
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type I string theory. We are particularly interested in the construction of D-branes 
in these systems. As shown in ||, |2|, [EJ], type I string theory has non-trivial D-brane 
spectrum even when the space-time manifold is flat. In fact, the charge of flat Dp- 
branes transverse to R 9 ~ p is classified by the real K-theory group KO(R 9 ~ p ) [] 0, 
which is given in table p]. In particular, there are stable non-BPS D-branes with Z2 
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Table 1: The spectrum of flat Dp-branes in type I theory, which is classified 
by the real K-theory group KO(R 9 ~ p ). 



charges. So, it would be more challenging to explore this theory than the type II sting 
theory. We will show that we correctly obtain this spectrum using type I K-matrix 
theory. 

It is easy to generalize the idea to higher dimensional systems. Actually, we 
will not restrict our arguments to the matrix theory, but consider D-branes made 
by unstable Dp-brane systems in type I string theory, (i.e. non-BPS Dp-branes for 
p = —1,0,2,3,4,6,7,8 and Dp-brane - anti Dp-brane system for p = 1,5,9). The 
gauge groups and the representation of tachyon fields on the world-volume of non-BPS 
Dp-branes are examined in |14 , and the results are summarized in table ^| f\ It is also 



shown in |L4], Q that the K-theory group which classifies the charge of D-branes made 
by the descent relations from the unstable Dp-brane system is the real K-theory group 
KO p ~ l (Y) (~ KO p ~ 9 (Y)), where Y is the world-volume manifold of the system. 

From the argument analogous to that given in type II case, it is quite natural to 
expect that the classification of type I D-branes via the real K-theory is generalized 
by using real KK-theory, when we take into account the D-branes stretched along the 
directions transverse to the unstable Dp-brane system. As we will explain in section 



4 Hcrc KO(R n ) denotes the reduced K-theory group of S n , KO{S n ) fjj. 

5 In this table, we omitted the massless scalar and tachyon modes from Dp-D9 strings for p > 5, 
since they do not affect the K-theory classification, as discussed in JlJ, So, we simply neglect 
them in this paper. 
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Table 2: The gauge groups, tachyons and scalar fields on the world- volume of 
type I unstable Dp-brane systems and corresponding K-theory groups. 



2~2| , the relevant KK-theory group which generalizes the K-theory group K0 P 1 {Y) is 



the real KK-theory group KKO p ~ 1 {X^ Y), where X is the manifold transverse to the 
world-volume of the unstable Dp-brane system wrapped along Y. Note that when we 
forget about the transverse space X by setting X to be a point, the KK-theory group 
KKO p ~ l (pt, Y) reduces to the real K-theory group KO p ~ 1 (Y) and we correctly recover 
the K-theory results, though we describe the K-theory group using Fredholm operators 
as in [in], 17\, which is slightly different from the description used in [14]. We will 



give a physical interpretation for each element of the KK-theory group in terms of the 
world- volume theory on the unstable Dp-brane system. As one can see from the table, 
the world-volume theory changes drastically as the dimension of the system changes. 
Therefore, it provides quite non-trivial check for our interpretation of the elements of 
KKO groups in terms of the world-volume field theory. 

The paper is organized as follows. In section 0, we first review complex KK-theory 
and its physical interpretation in terms of unstable D-brane systems in type II theory 
|TT|| , and explain our proposal for type I theory using the real KK-theory. The physical 
interpretation of the elements of real KK-theory is given in section [3]. We argue that 
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the field contents of the unstable D-brane system listed in table |2| nicely fit in with the 
definition of the real KK-theory groups. As we will see, the contents of table |2| can be 
easily reproduced by looking at real Clifford algebras, which are used in the definition of 
the KK-theory groups. Section [| is mainly devoted to analyse type I K-matrix theory. 
We will explicitly construct flat Dp-brane solutions in the framework of BSFT WE, [19|, 



20| for the type I non-BPS D-instanton system. We examine the tension of the D-brane 
solutions and tachyon modes on them, making use of the Clifford algebra structure, 
and reproduce the expected property. Finally, we discuss further applications, such as 
the description of Chern-Simons terms using real superconnections, in section [5[ 

2 KK-theory and D-branes 

2.1 Complex KK-theory and type II D-branes 



First, we sketch the physical interpretation of complex KK-theory given in [[LI 

Let us consider type II string theory on a product space X x Y . As argued in 
[3J, D-branes can be constructed as solitons on space-time filling unstable D-brane 
systems, such as non-BPS D9-branes in type IIA or D9-brane - anti D9-brane system in 
type IIB, wrapped on X x Y . On the other hand, as mentioned in the introduction, we 
can construct higher dimensional D-branes from a lower dimensional unstable Dp-brane 
system. In particular, we can construct the space-time filling unstable D-brane system, 
as well as the D-brane solitons on it, from the lower dimensional unstable Dp-brane 
system. Therefore, any D-brane configurations can in principle be represented by the 
unstable Dp-brane system. So, let us suppose the dimension of Y is p+ 1 and consider 
unstable Dp-brane system wrapped on Y. Then, stable Dg-branes (q < p) inside Y are 
contained as solitons, which represents a K-theory class of Y, in the system. Moreover, 
D-branes wrapped on a subspace of the transverse space X can also be constructed. 
For example, if we are interested in the configurations which are constant along Y, the 
construction of such D-branes is the same as that given in the K-matrix theory [ |TT| , |TD 



Note that this construction is similar to those given in supersymmetric matrix theories 
H ||, 0, but here the tachyon fields play an essential role. These configurations are 



naturally classified by the analytic K-homology of X [11|. Therefore, in order to classify 
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the D-brane configurations in the unstable Dp-brane system, we need a mathematical 
framework which generalizes both K-theory and K-homology. 

The KK-theory is a generalization of both K-theory and K-homology, introduced 



by Kasparov [21], P2| . There are two kinds of complex KK-theory groups denoted by 
KK l (X,Y) = KKi(C (X),C (Y)) (i = 0,1). Here X and Y are topological spaces 
(locally compact Hausdorff spaces), and Cq(X) denotes the set of complex valued 
continuous functions on X vanishing at infinity. [] 

The KK-theory group KK 1 (X, Y) [] is defined as the set of equivalence classes of 
triples (TC, 0, T), called odd Kasparov modules, where TC (= Co(Y)°°) is a Hilbert space 
over C (Y), : C (X) — > B(7Y) is a *-homomorphism and T is a self-adjoint operator 
in B(7i) such that 

T 2 - 1 G K(H), [T, 0(a)] G K(H) for v a G C (X). (2.1) 

Here B(7i) is the set of adjointable operators on TC f\ and K('H) is the closure of 'finite 
rank' operators in B(7i). Note that when K is a point, TC is a separable Hilbert 
space over C, B(H) is the set of bounded linear operators on the Hilbert space TC, and 
K.(TC) is the set of compact operators on TC. 

The equivalence relations are defined as follows. Two Kasparov modules (TCi, 0i, 7]) 
(i = 0, 1) are called unitary equivalent when there is a unitary operator U in B(7i , TC\) 
such that To = U*T\U and 0o(o) = U*<f>i(a)U for all a G Cq(X). They are called oper- 
ator homotopic if TCq = TCi, 0o = 0i and there is a norm continuous path between T 
and 2~i. We define a degenerate Kasparov module as the Kasparov module (TC',(f>',T') 
satisfying T' 2 — 1 = [T',<p'(a)\ = for all a G C*o(X). Then, in the definition of the 
KK-theory group, the two Kasparov modules (TCi, 0^71) {i = 0,1) are defined to be 

6 Note that every commutative C7*-algebra can be expressed as Cq(X). One can define KK n (A, B) 
for arbitrary (could be non-commutative) C*-algebras A and B. The generalization to non- 
commutative cases is straightforward, though the physical interpretation is unclear in general. 

7 Here we assume that X and Y are compact, for simplicity. 

8 Hilbert space over a C*-algebra A, denoted by A°° , is a Hilbert ,4-modulc defined as A°° — 
{( x k) G n^Li -4 I Efc x l x k converges in A}. 

9 An operator T : TL — * TL is called adjointable if there is an operator T* : H — > Ti with (Ta, b) = 
(a, T*b) for all a,b eH. Here (a, b) = J2 n a%b n for a — (a n ), b = (b n ) G TL. Adjointable operators on 
a Hilbert ^l-module are automatically A module homomorphism. 

10 A 'finite rank' operator is a linear span of the operators 9 x , y defined as 9 x . y z = x(y, z) for 
x,y, z e H 
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equivalent if there are degenerate Kasparov modules (7^-,0-,T/) (z = 0,1) such that 
(Hi © H •, (pi © 0-, Tj © T/) (2 = 0, 1) are operator homotopic up to unitary equivalence. 

This group classifies the solitonic configurations, which turn out to be D-branes 
embedded in the space-time X x Y, in the system of an infinite number of non-BPS 
Dp-branes extended along Y and perpendicular to X. The space 7i is identified as 
a set of global sections of the infinite rank Chan-Paton bundle associated with the 
non-BPS Dp-branes. The unitary transformation acting on 7i is nothing but the gauge 
transformation of the system. The operator T is interpreted as the tachyon field on the 
non-BPS Dp-branes. The scalar fields on the non-BPS Dp-branes, which represents 
their transverse positions, correspond to the operator <f)(x l ), which are the image of 
the coordinate functions x 1 under the *-homomorphism 0. Note that there are some 
delicate issues for the choice of the coordinate functions x l , which we won't explain in 



detail here. (See [|Tl|].) All we need in the following is the fact that the scalar fields 
are self-adjoint operators in the image of the *-homomorphism 0. 

The condition is related to the finiteness of the action. Here the tachyon is 
normalized such that the minimum of the potential is given by T 2 = 1. Hence, roughly 



speaking, the condition (2A) represents that almost all the non-BPS Dp-branes are 



annihilated. (See |TT| for more detail.) 

The equivalence relations also have a nice physical interpretation. The unitary 
equivalence is nothing but the gauge equivalence, and the operator homotopy is just 
a continuous deformation of the tachyon configuration. The degenerate elements are 
interpreted as non-BPS D-instantons that would be annihilated by the tachyon con- 
densation. 

When X is a point, the KK-theory group KK x {j>t^ Y) is isomorphic to the K-theory 
group i^ 1 (y). Therefore, we correctly reproduce the K-theory classification, if we are 
not interested in the the space X which is transverse to the non-BPS Dp-branes. In 
fact, the above interpretation reduces to that given by Witten in JT7J. Similarly, when 
Y is a point, the KK-theory group K^^X^pt) is isomorphic to the K-homology group 
Ki(X), which is consistent with the classification of D-brane configurations in the 



K- matrix theory [] 1 



The other KK-theory group KK°(X, Y) = KK(X,Y) consists of the equivalence 
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classes of Z 2 graded triples (TC, (f>,F), called even Kasparov modules, where 

Here (i = 0, 1) are Hilbert spaces over C Q (Y), 0« : C (X) -> B(H^) (i = 0, 1) 
are *-homomorphisms, and T : TiS°> — ► T^ 1 ) is an adjointable operator satisfying 

F 2 - 1 G K(7?), [F, 0(a)] G K(7?) for v a G C (X). (2.3) 

The grading is defined by the operator 7 = diag(l, —1). Note that the operator 0(a) 
and F are chosen to be even and odd under this grading, respectively. The equivalence 
relation for KK°(X, Y) is defined in an analogous way as above. Note that the unitary 
operators, which are used in the definition of unitary equivalence, are required to be 
even with respect to the Z 2 grading. 

The physical interpretation of KK°(X,Y) is quite analogous to that given for 
KK 1 {X^Y). Here KK°(X, Y) classifies D-branes made by infinitely many Dp-brane 
- anti Dp-brane pairs wrapped on Y. Ti.^ and TiS 1 ' are interpreted as the infinite 
dimensional Chan-Paton Hilbert spaces of Dp-branes and anti Dp-branes, respectively, 
and T is the tachyon field created by the Dp - anti Dp strings. 

It is worth noting that the odd Kasparov module (7i, <f), T) is also written as the 
even Kasparov module by setting = TiS 1 ' = H, <p = 4> ® I2 and F = T o\- In 
fact, these two KK-theory groups are related by the isomorphism 

KK 1 (A,B)~KK (A,B®C 1 ), (2.4) 

where Ci = C © Cei is a (complex) Clifford algebra generated by an element e± 

satisfying e\ — 1, which can be represented by associating e± to one of the Pauli 

matrices o\. A Clifford algebra has a natural (Z2-) grading which is given by regarding 

each generator as an odd element. The elements of KK (C (X), C (Y)®Ci) is written 

as (TC ® 1 © TC <S> ei, <S> 1, T ® ei), where (TL, 0, T) is an odd Kasparov module. 

11 Here we assume that the C*-algebras A and B are trivially graded. For general Z2-graded C*- 
algebras, we should replace the tensor product ® with the graded tensor product denoted by ®. (See 

H Ho 
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2.2 Real KK-theory and type I D-branes 

The real KK-theory is defined in the same way as above, except that we should use 
real objects, such as real C*-algebras, real Hilbert spaces, real Clifford algebra, and so 
on. (See for example |3|.) The analog of KK(X,Y) (= KK°(X,Y)) is denoted by 
KKO(X, Y) = KKO(C (X, R), C (Y, R)), where C (X, R) is a set of continuous real 
functions on X vanishing at infinity. The KK-theory groups KKO~ n (X, Y), which we 
mainly consider, are defined by using the Clifford algebra. The Clifford algebra C p,q is 
defined as an algebra over R generated by (i — 1, . . . ,p + q) satisfying 

e i e j + e^i = j) (2.5) 

e? = -l (i = l,...,p) (2.6) 
e 2 = l (i=p+l,...,p + q). (2.7) 

(See Appendix [A] for some more details about the Clifford algebra.) And we define 

KKO q ^ p+r - s {A, B) = KKO(A ® C p ' q , B ® C r ' s ). (2.8) 

Note that one can show that the right hand side depends only onq—p + r — s (mod 8), 
and the left hand side is well-defined. We also use the notation 

KKO' n (X, Y) = KKO n (C (X, R), C (Y, R)) (2.9) 

when the C*-algebras A and B are commutative and associated to topological spaces 
X and Y. In particular, when X is a point, they are related to the real K-theory as 

KKO~ n (pt, Y) = KO- n {Y). (2.10) 

In type I string theory, as we mentioned in the introduction, the K-theory group for 
the unstable Dp-brane system wrapped on Y, which classifies the charge of D-branes 
embedded in Y, is KO p ^ 1 (Y) JT4|. The analogous argument as that given for the type 



II string theory in section |2.1| suggest that D-branes embedded in the space X x Y 
made from the unstable Dp-brane system wrapped on Y are classified by the KK-theory 
group KKO p ~ 1 {X^Y). In the next section, we will give the physical interpretation of 
the elements of KKO p ~ 1 (X, Y) in terms of the world- volume theory of the unstable 
Dp-brane system, and show more explicitly that this is the relevant group. 
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3 Real KK-theory and type I non-BPS D-branes 



Let us compare the real KK-theory groups and the world-volume theory of non-BPS 
Dp-branes. First, the elements of KKO°(X,Y) can be interpreted in terms of Dp- 
brane - anti Dp-brane system (p = 1,9) wrapped on Y in type I string theory, using 
the exactly analogous argument as in the type II case. 

Then, let us consider KKO v ~ x {X, Y) for p ^ 1,9. From ( |2.8|) , we have 

KKO~ n (X,Y) = KKO n (C (X,R),C (Y,R)), (3.1) 

j KKO(C (X, R), C„(y, R) ® C">°) (n > 0), 

1 KKO{C {X, R), C (F, R) ® C°>-™) (n < 0). 1 ' 



We use (|3.2|) as the definition of the KK-groups KKO~ n (X,Y) and give a physical 
interpretation to them. 

KKO(C (X, R), C (y, R) CSCP' 13 ) consists of equivalence classes of triples (H, 0, F), 
where 7? is the real Hilbert space over C Q (Y, R) ® C p - g , : C (X, R) -> B(7?) is a *- 
homomorphism, and F is a self-adjoint operator in B(7i). We also require that 0(a) 
(a G Co(X, R)) is even and F is odd with respect to the Z 2 -grading. The equivalence 
relations are again given by unitary equivalence, operator homotopy and addition of 



degenerate elements, which are defined in analogous way as explained in section O 
for the complex KK-theory. Here the unitary equivalence is given by even unitary 
operators in B(7i). 

Since H ~ H®C p > g , where H = C (Y, R)°°, one can show that B(7?) ~ B(7^)®C P ' 9 . 
Therefore, the operator F and 0(a) for a e C (X, R) can be expressed as 

F = J2 T nVn, (3.3) 

0(a) = ^ $ n w n , (3.4) 

where T n , $ n G B(7i). Here C™ en and C^ 9 d denote the sets of even and odd elements 
in C p ' q spanned by the basis w n and v n , respectively. 

We will show in the following that the operators 0(a) (a G Cq(X, R)) and F cor- 
rectly behave as the scalar and tachyon fields listed in table |2|, respectively. For this 
purpose, we can restrict our consideration to the configurations which are constant 
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along Y without any loss of generality. So, we will set Y to be a point for simplic- 
ity. In this case, H is just a separable Hilbert space over R and ~B(H) is the set 
of bounded linear operators on the Hilbert space H. Thanks to the Bott periodic- 
ity (KKO n (X, Y) ~ KKO n±s (X,Y)), it is sufficient to consider KKO n (X, Y) with 
-3 < n < 4. Therefore, we will consider KKC>- n (X,pt) = KKO(C (X, R), C n, °) 
(n = 1,2,3) and KKO n (X,pt) = KKO(C (X, R), C°' n ) (n = 1,2,3,4) in the follow- 
ing. 

3.1 Non-BPS DO, D8-brane : KKO \X,Y) 

Let us consider KKO-\X,pt) = KKO(C (X, R), C 1 ' ). The generator e x of C 1 ' 
satisfies e 2 = —1, and it can be represented by % in C. Thus C 1 ' = R©Ri = C, where 
real (imaginary) part consists of the even (odd) elements. 

The gauge transformation is identified as the unitary transformation on 7i which 
is even with respect to the Z 2 -grading. In this case, they are real unitary operators, 
which implies that the gauge group is the orthogonal group O(oo). 

The tachyon is identified as an odd operator F = iT, where T is a real operator, 
with the self-adjoint condition = F. Therefore, T should be an anti-symmetric 
operator (T T = — T) which behaves as the anti-symmetric tensor representation [] 
under the gauge transformation. 

The scalar fields are even elements which means that they are real operators. Fur- 
thermore, they should be self-adjoint since they are in the image of the *-homomorphism 
0. Then the scalar fields behave as the symmetric tensor representation □□ of the gauge 
group. 

These results are consistent with the world-volume theory of non-BPS DO or D8- 
branes. 

3.2 Non-BPS D(-l), D7-brane : KKO 2 (X, Y) 

Let us consider KKO~ 2 {X, V t) = KKO(C (X, R), C 2,0 ). The generators of C 2 ' are 
represented by the elements of the quaternion as e\ — i, e 2 = j, where % and j are 
two of the generators of the quaternion k which are anti-Hermitian and satisfy 
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i 2 = j 2 = k 2 = -1, ij = -ji = k. Hence, C 2 ' = R © Ri © Rj © RA; = H, in which 
even elements are C^° en = R © RA; and odd elements are C 2 odd = Hi © Rj. 

Since the unitary transformation is given by an even element which is of the form 
g — gi + g2k, where g\ and gi are real operators, satisfying g^g = 1, the gauge group 
consists of (complex) unitary operators U(oo). 

The tachyon is an odd element F = T\i — T2J = i(T\ + T2A;) satisfying F* = F, 
where T\ and T 2 are real operators. Let us define T = T\ + T 2 k, then T is a complex 
anti-symmetric operator satisfying T T = —T. The transformation of tachyon under 
the gauge group is given by 



from which we can see that T is transformed as the anti-symmetric tensor representa- 



The scalar fields are even self-adjoint operators. This means that the scalar fields 
are complex Hermite operators, and they belong to the adjoint representation of the 
gauge group U(oo). 

These results are consistent with the world-volume theory of non-BPS D(— 1) or 
D7-branes. 



3.3 Non-BPS D6-brane : KKC>- 3 (X,Y) 

Let us consider KKC>- 3 (X,pt) = KKO(C (X, R), C 3 ' ). The generators of C 3 ' are 
faithfully represented as 



where k are the generators of quaternion. Even elements of C 3 ' are of the form 



F = iT^ jFg = tg T Tg, 



(3.5) 



tion as expected. 




(3.6) 




a + bi + cj + dk 




(3.7) 



and odd elements are 




(3.8) 
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where a,b,c,d G R and a' = a + bi + cj + dk £ H is a, quaternion. 
The gauge transformation is given by an even element 

* ("',')• < 3 - 9 > 

with g^g = 1, where g' = g a + g^i + g c j + g&k is a quaternionic operator. It is easy to 
see that the quaternionic unitary operator g' is an element of Sp group. (See Appendix 
|B|.) Thus the gauge group is Sp(oo) as expected. 

The tachyon operator is a self-adjoint odd element of the Clifford algebra, and hence 
we can set 

F = ( T _ T 1> Tt = T ( 3 - 10 ) 

where T = T + T\i + T 2 j + T 3 k is a quaternionic operator. As shown in Appendix [B], 
this behaves as the anti-symmetric tensor representation [] of the gauge group. 
The scalar fields are even self-adjoint elements, 

$=( $/ #\ tfW, (3-11) 

where $' is a quaternionic operator. Thus they also transform as the anti-symmetric 
tensor representation [] under the gauge transformation. 

All these results are consistent with the world- volume theory of non-BPS D6-branes. 

3.4 D5 - anti D5 system : KKC > 4 (X, Y) 

Let us consider KKO~\X,pt) = KKO(C (X, R), C 4 ' ). The generators for the Clif- 
ford algebra C 4,0 are represented as 

e 1 =( j ').*=(, 0' e3= (* *)' e4= (l <312) 
where i,j, k are the generators of quaternion. Then, the even elements are of the form 

f a + bi + cj + dk \ 



\ e + fi + gj + hk 

and odd elements are 

/ a + bi + cj + dk 

\ e + fi + gj + hk 
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(3.13) 



(3.14) 



where a, b, c, d, e, f,g,h£ R. 

The gauge group consists of even unitary operators, which is of the form 

» ( * , ) • < 3 ' 15 > 

where g\ and g-2 are quaternionic operators satisfying g\g\ = g\gi = 1. As explained in 
Appendix [FJ, the unitary quaternionic operators g\ and g 2 are elements of Sp group. 
Therefore, the gauge group is Sp (oo) x Sp(cx)), 

The tachyon operator is a self-adjoint odd operator, which is of the form 



(3.16) 



where T is a quaternionic operator. It transforms as 

F-+glFg=( , 9lT^\ (3 _ 17) 



under the gauge transformation, which show that the operator T transform as the 
bi-fundamental representation of the gauge group Sp(oa) x Sp(oa). 
The scalar fields $ are even operators of the form 

*=(*' $2 ). < 3 - 18 ) 

where $1 and $2 are self-adjoint quaternionic operators, which means that $j (i = 1, 2) 
belong to anti-symmetric tensor representation [] of the gauge group. (See Appendix 

These results are consistent with the world-volume theory of D5-brane - anti D5- 
brane system. 

3.5 Non-BPS D2-brane : KKO l (X,Y) 

Let us consider KKO\X,pt) = KKO(C (X, R), C 0,1 ). The generator e x of C ' 1 is 
represented by e\ = 03. The even element is of the form 



a 

a 



(3.19) 
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and the odd element is 



( 



a 



—a 



) 



(3.20) 



for a G R. 



The gauge group consists of even elements, and hence real unitary operators, namely 



The tachyon is an odd element which is of the form F = Ta 3 , where T is a real 
operator, with F^ = F, which means that T is the symmetric tensor representation m 
of the gauge group. 

The scalar fields are even self-adjoint elements, which also belong to the symmetric 
tensor representation □□ of the gauge group O(oo). 

These results are consistent with the world-volume theory of non-BPS D2-branes. 



3.6 Non-BPS D3-brane : KK0 2 (X,Y) 

Let us consider KK0 2 (X,pt) = KKO(C (X, R), C 0,2 ). The generators of C ' 2 are 



O(oo). 



represented by e\ = U\ and e 2 = <J 2 . An even element is of the form 




(3.21) 



and an odd element is 




(3.22) 



where a, b G R. 

The gauge group consists of even elements of the form 




(3.23) 



Therefore the gauge group is U(oo). 

The tachyon operator is an odd element 




(3.24) 
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where T = T a + T^i is a complex operator. The self-adjoint condition F' = F implies 
T = T T , which means that the tachyon belongs to the symmetric tensor representation 
□□ of the gauge group. In fact, the gauge transformation F — > g'Fg becomes 

T - g' T Tg', (3.25) 

which is the correct transformation of the symmetric tensor representation □□. 

The scalars are even self-adjoint elements, and hence they belong to the adjoint 
representation of the gauge group U(oo). 

These results are consistent with the world-volume theory of non-BPS D3-branes. 

3.7 Non-BPS D4-brane : KKO'\X,Y) 

Let us consider KK0 3 (X,pt) = KKO(C (X, R), C 0,3 ). The generators of C ' 3 are 
represented as e\ — <j\, — &2 and = a 3 . The even elements are 



and odd elements are 



a + bio\ + da-i + dia^, (3.26) 



ai + bo\ + co"2 + das, (3.27) 



where a, b,c,d G R. 

The gauge transformation is given by even unitary operator, which is of the form 

g = g a + gbioi + g c i(?2 + gd^ (3.28) 
_ ( 9a + igd g c + Wb \ / g 29 n 

V -g c + Wb 9a - m J ' 
satisfying g^g = 1. This is nothing but the Sp group. (See Appendix 0.) 

It may be convenient to represent zcr^, by the generators of quaternion as io\ — > i, 
^°"2 - * j and io"3 — > —k. Then the gauge group is represented as quaternionic unitary 
operator, which we encountered in ( |3.9| ). 

Then, the tachyon operator is an odd element F = iTq + T\<j + T2O2 + T3<T3 = iT 
satisfying F^ = F. If we express the operator T in the quaternionic representation, we 
see that 

T = T - T x i - T 2j + T 3 k, Tt = — T, (3.30) 
15 



which transforms as 



T - g^Tg, 



(3.31) 



under the gauge transformation. Therefore, as shown in Appendix [B], the tachyon is 
transformed as the adjoint representation (m) of the gauge group Sp(oo). 

The scalars are even elements. Using the quaternionic representation, it can be 
written as 



which transform as the anti-symmetric tensor representation [] of the gauge group, as 



These results are consistent with the world-volume theory of non-BPS D4-branes. 

4 An explicit construction of flat D^>-branes 

Let us make things more explicit in some simple situations. In this section, we consider 
flat D-branes in flat space-time, mainly using the matrix theory based on an infinite 
number of non-BPS D-instantons in type I string theory, which we call type I K-matrix 
theory. 

4.1 Flat Dj9-branes in type I K-matrix theory 

The type I K-matrix theory resembles IIB matrix theory M in many respects. In fact, 
it is a matrix theory with unitary gauge symmetry, and the field contents include scalar 
fields and fermions which constitute vector and spinor representation of the Lorentz 
group SO(l,9), respectively, and transform as the adjoint representation of the gauge 
group. But there are some important differences. First, we have some extra matters 
including a tachyon, and then, we have to take the size of the matrices to be infinity 
from the beginning in order that we can create an arbitrary number of non-BPS D- 
instantons. 

As we have argued, D-branes in the type I K-matrix theory are classified by 
KKO~ 2 (X,pt). Let us consider flat Dp-branes extended in the x°, . . . , x p directions in 



(3.32) 



shown in Appendix [FJ. 
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flat space-time R 10 in the type I K-matrix theory. These configurations are classified 
by KKO~ 2 {RP +1 ,pt). 12 

Let us first consider the p = — 1 case. The group KKO~ 2 (pt,pt) consists of homo- 
topy classes of the anti-symmetric operator T acting on a Hilbert space 7i (over C), 
satisfying T^T — 1 6 K(7i). This condition implies that kerT is a finite dimensional 
vector space. Since T is anti-symmetric, dim kerT (mod 2) is invariant under small 
perturbation of the operator T. In fact, we have KKO~ 2 (pt,pt) = KO~ 2 (pt) = Z 2 . 
Therefore, a single non-BPS D-instanton is stable, while a pair of non-BPS D-instantons 
can be annihilated, in agreement with the results in ||. 

For generic p, we obtain 

f Z (p= 1,5,9 (mod 8)) 
KKO- 2 (R p+ \pt) = KO(R 9 ' p ) = I Z 2 (p = -1,0,7,8 (mod 8)) (4.1) 

[ (others) 

using the isomorphism 

KKO k {X, Y) = KKO k -' n [X x R", Y) = KKO k+m {X, Y x R m ). (4.2) 

Hence we have Z 2 charge Dp-branes (p = —1,0,7,8) and Z charge Dp-branes (p = 
1, 5, 9), which is exactly what we expect from the K-theory analysis 0, i.e. table |l|. 

The explicit configuration representing Dp-brane can be obtained by finding the 
configuration in type IIB K-matrix theory (i.e. the matrix theory based on D-instanton 
- anti D-instanton system in type IIB theory) which survive after projecting out the 
unwanted components of the matrices in type I theory. 

Recall that there are ten pairs of scalars $ M (/i = 0, 1, . . . , 9), which represent 
the position of D-instantons and anti D-instanton respectively, together with a tachyon 
T in the IIB K-matrix theory. A configuration representing a Dp-brane in the IIB K- 
matrix theory |TU| , PI is given by 

T = uj2p a ®l a , (4.3) 

a=0 



12 Here W +1 is not compact, but KKO~ 2 (R: p+1 ,pt) = KK0 2 {C Q {W +1 , R), R) is well-defined. 
It satisfies KKC>- 2 {S P+1 ,pt) = KKO- 2 {W +l ,pt) ffi KKO- 2 (pt,pt), where S p+1 is the one point 
compactification of R p+1 . The left hand side KKO~ 2 (S p+1 ,pt) classifies D-branes on S p+1 , and 
KKO~ 2 (pt,pt) in the right hand side classifies D-instantons sitting at a point in the space-time. The 
only possible stable D-branes on S p+1 are Dp-branes wrapped on the S p+1 and the D-instantons. 
Thus, we interpret KKO~ 2 (R p+1 ,pt) as the group which classifies the Dp-branes. 
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= $ Q = x Q ® 1 (a = 0, ••-,?), 
$*=I? = (i=p+l,-..,9), 



(4.4) 
(4.5) 



which act on the Hilbert space L 2 (R P+1 ) (g> S, where S is the vector space on which 
the matrices 7° are represented. Here x a is defined by multiplication of x a and p a = 
—id a = —id/dx a is a differential operator, both acting on L 2 (R P+1 ), and 

(4.6) 

are SO(p + 1) gamma matrices satisfying {T Q ,r^} = 25 a/3 . ( |4.3| ) can also be written 

as 




where we have defined T a = —iT a . Note that if p is even, we can choose 7" to be 
Hermitian, which form the irreducible SO(p + 1) gamma matrices. The size of the 
matrices 7" are listed in table [| It can be shown that this configuration becomes an 




p 





1 


2 


3 


4 


5 


6 


7 8 


9 


size 


1 


1 


2 


2 


4 


4 


8 


8 16 


16 



Table 3: The size of the matrices 7° in ( [4.3|) used for the tachyon configuration 
representing type IIB Dp-branes. 



exact Dp-brane solution of the BSFT action for type IIB D-instanton - anti D-instanton 
system [0, [19], ^(J, if we take u — > 00 [(LOU . The solution represents a BPS Dp-brane 
for odd p and a non-BPS Dp-brane for even p. The tension and RR-charge for the 



solution can be calculated in the BSFT framework and it is also shown in ]I0| that 
they exactly reproduce the expected value. 



13 Note that the minimum of the tachyon potential of the BSFT action is given by T T^ = T^T = 
00 ■ 1. This is the reason that we chose an unbounded operator for the tachyon in (4.3). If one wish 
to normalize the tachyon so that the minimum is given by T'T'^ = T'^T' = 1, as in section 2T, one 
can redefine the tachyon as T" = T j\J\ + T^T . 
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The part of the action of the type I non-BPS D-instantons which include only $ M 
and T is obtained by projecting out the unwanted components of the matrices $ M 
$ M and T from the type IIB BSFT action, at least at the tree level. Therefore, the 
solution of type IIB K-matrix theory satisfying <3> M = $ M and T T = —T is automatically 
a solution of type I K-matrix theory. In order for T to be anti- symmetric, 7° should 
be symmetric matrices, since the differential operators p a are anti-symmetric. It is 



easy to find a representation of SO(p + 1) gamma matrices T a of the form (O) with 
symmetric 7°. First, note that one can always set T as 

T° = ltgxx 2 , (4.8) 

using unitary transformation. Then, the condition {T a , T 13 } = 25 af3 implies 

r = 7*®^ (i = i,..., P ), (4.9) 

where Y p are SO(p) gamma matrices represented as real symmetric matrices. Note also 
that we can identify — ia 2 and — ia 1 as the generators e\ and e 2 of the Clifford algebra 
C 2,0 , and the operator F in ( (4.7|) can be written of the form 

F=[^ T ^ ) =u(d Q e 1 + d ll l p e 2 ). (4.10) 

The minimum size of the matrices 7° are listed in table f|, which can be obtained 
from table ^|in appendix since the SO(p) gamma matrices 7* form a real represen- 
tation of C 0,p . Comparing table ^ and table |], we see that the size of the tachyon in 



p 





1 


2 


3 4 5 


6 


7 8 


9 


size 


1 


1 


2 


4 8 8 


16 


16 16 


16 



Table 4: The size of the matrices 7" for the tachyon configuration representing 
type I Dp-branes. 



type I with p — 3, 4, 5, 6, 7 is twice the size in type IIB. This implies that the tension 
of a Dp-brane in type I theory are twice that in type IIB theory for p = 3,4,5,6,7, 
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while they are the same for p = 0, 1,2, 8, 9, up to the common factor 1 / This result 



is consistent with the construction of D-branes in type I theory as given in [0, [TJ 
Namely, a Dp-brane in type I theory is given by the unoriented projection of a single 
Dp-brane (p = 0, 1, 2, 8, 9), two Dp-branes (p = 4, 5, 6) or a Dp-brane - anti Dp-brane 
pair (p = —1, 3, 7) in type IIB theory, as one can read from the gauge group listed in 
table |2l. 



Let us next consider the tachyonic mode around the Dp-brane solution ( |4.10| ). Sup 



pose that the tachyon F is the sum F$ + F' of the solution Fq and the fluctuation F' 
satisfying 



{F ,F'} = 0, F' ] = F'. (4.11] 



Then, F 2 = Fq + F' 2 implies that F' has negative mass squared, which means that 



F' is the tachyonic mode on the Dp-brane. In fact, inserting ( 4.11 ) into the BSFT 
action for the non-BPS D-instanton system, one can easily see that the potential for 
the fluctuation F' is exactly what we expect for the Dp-brane. Such fluctuation around 
the solution (|4.10|) is of the form 



F' = T'7e 2 , (4.12) 

where T' is a real parameter and 7 is a real matrix, whose size is the same as that of 
7* listed in table (|, satisfying 

17, 7;} = 0, 7 f = -7, f = -l- (4-13) 

Note that 7* (i — 1, . . . ,p) together with 7 make up a real representation of C 1,p . In 
order that such 7 exists, there must be a real representation of C 1 ^ whose dimension is 
the same as the size of 7*. The dimension of the irreducible real representation of C 1,p 
is listed in table [5|, which is obtained using the identity C 1,p = M2(C°' P_1 ) (See (|A.4|) .) 



and table |6]. Therefore, comparing table |] and table ^|, we conclude that there is a 
tachyonic mode for p — 2, 3, 4, 6, which agrees with the standard result first derived in 

0- 

Then, what happens if there are two Dp-branes for p — 0, 1, 5, 7, 8, 9? The solution 
representing two Dp-branes is obtained by simply tensoring the rank two unit matrix 
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p 





1 


2 


3 4 


5 


6 


7 


8 9 


dim. 


2 


2 


2 


4 8 


16 


16 


32 


32 32 



Table 5: The dimension of the irreducible real representation of C 1 ^. 

I2 with the solution ( |4.10| ) as 

F = ul 2 ®(d e 1 + d a l p e 2 ). (4.14) 
In this case, the fluctuation 

F / = T'e® 7 p+1 e 2 (4.15) 

satisfies the condition ([4.11|) . Here e = ia 2 and 7 P+1 is a real matrix, whose size is the 
same as that of 7*, satisfying 

{7 p+ \7;} = 0, 7 p+lt = 7 P+1 , (7 P+1 ) 2 = 1- (4-16) 

Namely, 7* (i — 1, . . . ,p) together with r y p+1 make up a real representation of C 0,p+1 . 
The analogous argument as above implies that there is a tachyonic mode if the di- 
mension of the real representation of C 0,p+1 , which is given by shifting p to p + 1 in 
table ||, is equal to the size of the matrices 7* listed in table |. Hence, we conclude 
that two coincident non-BPS Dp-branes with p = 0, 7, 8 have tachyon modes, which 
again reproduces the results in 0. All these results are consistent with the spectrum 
of D-branes in type I theory (table [I]). 

4.2 Flat Dp-branes in the unstable Dg-brane system 

Now we generalize the above consideration and describe the construction of flat Dp- 
branes from unstable Dg-brane system with q > in type I theory. Let us consider the 
unstable Dg-brane system extended in the q directions, and construct Dp- 

branes along x°, . . . , x q ~ m and x q+1 , . . . , x p+m directions. Generalizing the argument 
above, we expect that such Dp-branes are classified by KKO q ~ 1 (W +m ~ q , R m ). Using 
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the isomorphism ( |4.2| ), we can again show 

KKO q ' 1 (K p+m - q , R m ) = KO(K 9 ~ p ) (4.17) 



which reproduces the correct spectrum of the type I D-branes as in (|4.1| ). 
The explicit tachyon configuration is given by 

q p+m 

F = u Yl x a ®Y a + u d p ®Y p , (4.18) 

a=q— m+1 /3=q+l 

where r Q and T 13 are elements of M n (R) <g> C l J d for some n , satisfying 

r Qt = r Q , f /3t = -r p , (4.19) 

{T a ,T a '} = 25 aa ', {f /3 ,f /J '} = -2<^', {r a ,f /3 } = 0, (4.20) 

which are the same as the relations for the generators of C p+m_ ' 3 ' ,n . 

A realization of these r Q and representing a single Dp-brane is given as follows. 
Let us first consider m = q case. One can find the realization for this case generalizing 
the consideration around (fLBT) and (14.91); 



n +i = 7 *® ei , (i = i,..., p ), (4.21) 

r = l®e i+1 , (i = l,...,g), (4.22) 

where ej (i = 1, . . . , q + 1) are the generators of C 1 ' 9 . They are realized as elements of 
M„ p (R) <S> Clj d , where n p is the size of the SO(p) gamma matrices 7* listed in table |j. 

Then, let us consider general cases with m < q. Note that using the isomorphism 
C p,q = M 2q -rn(R)®CP +m - q ' m (See Q.), we can embed C^~ q ' m as diag(l, 0, . . . , 0)® 
C p d ~ d m ~ q,m in C^. Thus we can realize C p d ~ d m ~ q,m in M n (R)g)C^ using the realization 
of C p ' 9 given by ( fE2Ip and Q02|) . 



The corresponding configurations in type IIB theory are given by replacing the real 

gamma matrices 7^ with complex gamma matrices. In any cases, difference of the size 

of the tachyon between type I and type IIB is again determined by comparing table |] 

and table |3], which implies the correct tension for the Dp-brane. 

14 Here we use C 1 ' 9 for the definition of the KK-theory group as KKO q ^ 1 (X, Y) = 
KKO(C (X, R), C (Y, R) ® C 1 ^). 
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As a check, let us demonstrate the case with q = 9 and m = 9 — p. In this case, 
the tachyon is given by 

9 

F = u £«®r a ? ( 4 -23) 

a=p+l 

where T a (a — p + 1, . . . , 9) are elements of M n (R) ® C ' dd satisfying the same relations 
as that for the generators of C 0,9 ~ p . As explained above, C 0,9_p can be embedded in 
CP' 9 = M 2P (R) ® C°' 9 ' p as a subalgebra of the form diag(l,0, . . . , 0) ® C°> 9 - p , and 
the generators of C p ' 9 can be realized in M„ p (R) ® &J d by ( ggT]) and ( p~22[) . Note 



that the relations flAl]) and flOD imply M„ p (R) (g C 1,9 = M 32np (R). Combining these 
together, we obtain a realization of r a in M 32rip/ /2p(R)- 

On the other hand, the tachyon configuration representing Dp-brane in D9-brane 



- anti D9-brane system is given in M as ( 4.23 ) with real gamma matrices T a of the 



form (O). The matrices T a together with T = diag(l, — 1) form a real irreducible 
representation of 5*0(10 — p) gamma matrices. Therefore the size of these matrices 
is given by n w ^ p , where n p is the size of the real SO(p) gamma matrices listed in 
table |j. We can check that n 10 _ p is equal to 32n p /2 p , in agreement with the above 
consideration. We can also calculate the ratio of the tension of a type I Dp-brane to 
that of a type IIB Dp-brane, comparing the size of the real and complex SO (10 — p) 
gamma matrices, which again gives the correct values. 

5 Conclusion and Discussions 

In this paper, we have examined D-branes in type I string theory. Our main claim 
is that the D-branes in X x Y made from the unstable Dp-brane system wrapped on 
Y are classified by real KK-theory groups KKO p ~ 1 (X, Y). We have explicitly shown 
that the elements of KKO p ~ 1 (X, Y) can be interpreted in terms of the field theory on 
the unstable Dp-brane system. It is quite interesting that once we accept the physical 
interpretation of KKO p ~ 1 (X, Y), we can easily find the field content of type I unstable 
Dp-brane systems listed in table [| which was derived by careful consideration of the 
^-projection in |14|1 , by just looking at the Clifford algebra. 
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The arguments in this paper are also applicable to the U Sp(32) string theory |24 . 



The D9-brane - anti D9-brane system of the theory has gauge group of SpxSp type, and 
the relevant K-theory group is KSp(X) which is isomorphic to K0 4 (X). Therefore, 
the spectrum of the D-branes are obtained by shifting p to p+A in table [l], which implies 
that there are stable Dl, 5, 9-branes with Z charges and D3, 4-branes with Z2 charges. 
Accordingly, the KK-theory group which corresponds to the unstable Dp-brane system 
in this theory is KKO p+3 (X, Y). The field contents of the unstable Dp-brane system 
should also be obtained by the shift p — > p + 4 in table 0. 

It is not fully clear to us why such Clifford algebra structure appears in the type 
I D-branes. As discussed around ( ^78|) , we can use the Clifford algebra C 1,p to define 
KKOP-\X : Y) as KKO p ~ 1 (X, Y) = KKO(C (X, R), C (Y, R) ® C 1 *). One can 
imagine that the algebra C 1,p has to do with the fermions on the Dp-brane which 
transform as a spinor representation of SO(l,p). Actually, the gauge groups of the 



systems are derived in |TJ[ so that we can consistently perform the ^-projection for 
the fermions created by the open strings connecting the Dp-brane and one of the 
background D9-branes. It would be interesting to study the relationship between the 



Clifford algebras and orientifolds. See also [12] for the related discussions. 



Another interesting application of the Clifford algebra in type I D-branes is that we 
can write down the Chern-Simons terms using the superconnection which are defined 
by the Clifford algebra. Generalizing the definition of the (complex) superconnection 
in pi|, we can define essentially eight types of real superconnections associated to 
the corresponding Clifford algebra. Namely, the real superconnection associated to the 
Clifford algebra C p,q is given as the formal sum of the tachyon, which is an M n (R)®C^ 
valued field, and the gauge field, which is an M n (R) Cg> C p tf en valued one- form. More 
explicitly, we can write it as 

A= T nVn+ A nW n , (5.1) 

where T n are the M n (R) valued fields and A n are the M n (R) valued one-form fields, 
and {w n } and {v n } are the basis of C p £ en and C^, respectively. The first term in the 
right hand side is nothing but the tachyon F in ( |3.3| ), though we have described in a 
finite rank matrices here. The first term is required to be self-adjoint, as discussed in 
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section |3|, while the second term should be anti self-adjoint, since the gauge fields are 
associated to the Lie algebra of the gauge group. The Chern-Simons term is of the 
form 

S cs = J CAStre^", (5.2) 

where C is the sum of RR-fields, T = dA + A 2 is the field strength and 'Str' denote 
the trace of the coefficient of eie 2 • ■ ■ e p+q . 

The most simple and interesting choice of the unstable Dp-brane systems is the 
lowest dimensional case p = —1, i.e. the matrix theory based on non-BPS D-instantons, 
which we called K-matrix theory. As a check, we have shown that the spectrum of the 
flat D-branes constructed in the K-matrix theory are exactly what we expect in the K- 
theory result . This suggests that we can construct any configurations of D-branes in 
type I theory from an infinite number of non-BPS D-instantons. Therefore, it is natural 
to suppose that we can study dynamics involving various types of D-branes within a 
single framework of the K-matrix theory, which was one of the main motivation for our 
previous paper [IT]. It would be interesting to explore further in this direction. 
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A Clifford Algebra 

The Clifford algebra C p ' q is defined as an algebra over R generated by (i — 1, . . . , p+ 
q) satisfying 

e i e j + e j e i = (i j) (A- 1 ) 

e? = -l, e* = - ei (z = l,...,p) (A.2) 

ef = l, e* = ei (i = p + 1, . . . ,p + q). (A.3) 

It is a Z 2 -graded algebra, defined by the involution — > — e*. And, Cf^ n and C™ d 
denote the sets of even and odd elements with respect to this gradation, respectively. 
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Here we list some useful isomorphisms among the Clifford algebras. 

C r+n,s+n _ M 2 n(C r ' S ) (A.4) 



^ f M V (CT* °) (r>5) 



C r+8, S _ C r, S +8 _ M 16 (CT' S ), (A.7) 

CLtn' ^ C22; 1 * CT<° (A.8) 

The isomorphism ( |A.4| ) is given by 

C r+i, s +i ^ M 2 (R)®C r ' s (A.9) 

ei -> cri®ei (A.fO) 

e 2 -> a 3 Oei (A.ll) 

e i+ i -> l 2 ®ei (i = 2,...,r) (A. 12) 

e r+2 — > e®ei (A. 13) 

e r+2 +i -> I2 ® e r+i (z = 1, . . . , s), (A. 14) 



where e = 202. The isomorphism ([A. 7]) is given by 



C r+s, s ^ M 16 (R)®C r ' s (A. 15) 

-> 7^®ei (i = l,...,9) (A.16) 

e i+8 -> li 6 ®ej (z = 2, . . . ,r + s) (A. 17) 

where 79 (z = 1, . . . , 9) are £0(9) gamma matrices represented as real symmetric 16 x 16 
matrices. 

From these relations, it is sufficient to know C n, ° and C°' n (n = 1,2, . . . , 8) to 
obtain the others. They are listed in table |6|. 



26 



n 


C n,0 


C 0,n 


^ 'even ^ 'even 


Gauge group 


1 


C 


R © R 


R 





2 


H 


M 2 (R) 


C 


u 


3 


H © H 


M 2 (C) 


H 


Sp 


4 


M 2 (H) 


M 2 (H) 


H © H 


Sp x Sp 


5 


M 4 (C) 


M 2 (H)©M 2 (H) 


M 2 (H) 


Sp 


6 


M 8 (R) 


M 4 (H) 


M 4 (C) 


u 


7 


M 8 (R)©M 8 (R) 


M 8 (C) 


M 8 (R) 





8 


M 16 (R) 


M 16 (R) 


M 8 (R)©M 8 (R) 


OxO 



Table 6: Clifford algebra 



As an example, let us consider C 0,3 , which is used in section [3.7| . The algebra C ' 3 
is generated by ei, e 2 and e 3 satisfying ( |A.l| )^( [Al3D . They are faithfully represented 



by Pauli matrices as e\ = a%, e 2 = a 2 and e 3 = a 3 . Each element A G C 0,3 is of the 
form 



A = a + bei + ce 2 + de 3 + ee\e 2 + feie 3 + ge 2 e 3 + /ieie 2 e 3 (A. 18) 

/ a + hi + d + ei b + gi — (/ + ci) \ 
I b + gi + / + ci a + hi — (d + ei) J ' 



(A.19) 



where a, 6, ...,/£ R. Since ( A.19|) is a general element of the algebra of complex 2x2 



matrices M 2 (C), we obtain C 0,3 ~ M 2 (C). The even elements are 

Aeven = a + ee x e 2 + feie 3 + ge 2 e 3 (A.20) 

fa + ei— f + qi\ . ... . , . 

= [f + gi a-ei )=* + M-f«r* + "**- (A.21) 

Since zcrj (i = 1, 2, 3) can be represented by the generators of quaternion as ia\ — ► z, 
^2 — >■ j and z(73 — > —k, we obtain C^ 3 en ~ H. 

Note that we can immediately read the gauge groups of the type I unstable D-brane 
systems from table |6]. As explained in section ^, the gauge groups consist of unitary 
operators which are real operators tensored by even elements of the corresponding 
Clifford algebra. Recall that a unitary matrix whose matrix elements are R, C or H- 
valued is an orthogonal, unitary or symplectic matrix, respectively. (See Appendix [B| 
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for the symplectic case.) Therefore, the gauge group of the system is O, U or Sp, when 
the even elements of the corresponding Clifford algebra is M n (R), M n (C) or M n (H), 
respectively, as listed in the last column of table |6|. 

B Quaternionic representation of Sp group 

Let us recall the definition of the Sp group.0 The (unitary) Sp group consists of 
matrices g G M 2 jv(C) satisfying 

gig=l, g T 3g = 3 (B.l) 

where 

J =(_l X ) ( R2 ) 
( |B.1| ) is equivalent to the condition that g is of the form 

9 = 9a + 9bioi + 9cicr 2 + gd°s ( B -3) 

( g a + igd g c + igb \ 



V ~9c + Wb g a -igd J ' 

satisfying g^g = 1, where g a , g^ g c and g& are real N x N matrices. 

It is useful to represent by the generators of quaternion as ia% — > i, ia 2 



(B.4) 



and ia-i — > — fc. Then (|B.3|) can be represented as a quaternionic matrix 



9 = g a + 9bi + 9cj ~ 9dk e M N (H). (B.5) 

In this way, the group can be represented as unitary quaternionic matrices. 

The adjoint representation of the Sp-group is equivalent to the symmetric tensor 
representation m. It is given by the anti-Hermitian matrices X e M 2 tv(C) satisfying 

(JXf = JX. (B.6) 

The action of a element of the group g is given by X — >• g^Xg. In the quaternionic 

representation, this condition is equivalent as saying that X e Mjv(H) is quaternionic 

15 The Sp group we consider in this paper is unitary symplectic group, which is often denoted by 
USp{2N). 
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ant i- Hermit ian matrix. Though this statement can be shown explicitly using ( |B.6| ), it 
is obvious from the consideration above since the adjoint representation is given by the 
Lie algebra of the group. 

The anti-symmetric tensor representation [] is given by Hermitian matrices X G 
M 2 n(C) satisfying 



(JX) T = -JX, (B.7) 



which can be written as 



( a + di —b + ci\ , . . ,. , nn , 

X= [b + a a-di J=a + ^ 1 + «a 2 + Aa 8 , (B.8) 

where a,b,c,d e M N (Tl) satisfy a = a T , b = —b T , c = —c T and d = —d T . ( p.8| ) is 
represented as 

X = a + bi + cj -dk, X t = X (B.9) 
in the quaternionic representation. 
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